The Functional Freeform Fitting (F 4 ) method is utilized to design a freeform optic for oblique illumination of Mark Rothko's Green on Blue (1956). Shown are preliminary results from an iterative freeform design process; from problem definition and specification development to surface fit, ray tracing results, and optimization. This method is applicable to both point and extended sources of various geometries.
Introduction
While typically not the focus of a museum visit, lighting of the objects is a critical issue to museum directors and curators and affects the visitor experience. In the case of paintings, colors can be enhanced or subdued by the source's correlated color temperature (CCT) or color rendering index (CRI). Certain sections of the artwork can be unintentionally highlighted by non-uniform lighting or visually ruined altogether by glare. Ultimately, all illumination is damaging with higher energy ultraviolet (UV) wavelengths being the most problematic.
Improper illumination leads to faded pigments and decreased value. As prices for single works reach upwards of $300M (and priceless cultural value), maintaining the integrity and value of these masterworks is of utmost importance [1] . Despite its importance, most museum lighting designers are constrained to using pre-existing infrastructure for track lighting and luminaires emitting a circular light pattern. The track lighting puts the artwork under highly oblique illumination causing an illuminance gradient from the top of the artwork to the bottom and an elliptical light distribution from the previously circular luminaire output.
However, most artwork is not elliptical in shape and artists likely do not want all of the observer's attention to be drawn to the top of the painting. Achieving the desired uniformity and irradiance distribution in oblique illumination, such as a wall wash, presents a difficult optical design problem due to the variation in optical path lengths and multiple cosine dependencies.
In collaboration with The University of Arizona Museum of Art (UAMA), a custom illumination solution for the museum's most renowned painting, Mark Rothko's Green on Blue (1956, Figure 1 ) is developed to provide a uniform, rectangular light pattern to the painting wall with no light spill onto the side walls, floor, or wall above the painting.
Lighting a Rothko
The geometry of the problem (Figure 2 ) with a large cosine to the fourth falloff from the top of the painting wall to the bottom, and the extended nature of the source requires the use of a freeform optic. Freeform optical design is a technique that allows designers to push the boundaries of optical design and system performance. Typical design methods utilize analytic methods to build a surface profile point by point [3] [4] [5] [6] . Until recently, direct design methods were limited to point sources and resulted in a point cloud surface representation [7, 8] . These methods are often constrained by application, source emission pattern, rotational symmetry, and source size. The (x,y,z,weight) parameterization of the point cloud prohibits refinement through optimization due to the sheer number of variables if appropriate sampling is used.
The Functional Freeform Fitting (F 4 ) method parameterizes the freeform surface with the coefficients of an orthonormal polynomial function. This limited number of variables leads to efficient optimization that can [2] flexibly handle various source characteristics (radiance, size), various design geometries, and in the future, system assembly tolerances. The source requirements for illuminating a Rothko are very stringent. The materials used by Rothko (including the use of whole eggs as a binder [9] ) have a propensity for fading as evidenced by his Harvard murals ( Figure 3) [2, 9, 10] . 'High responsivity' works of this kind need a visible spectrum lux limit of 50 lux with no UV content to minimize damage [11, 12] .
In an unpublished essay by Christopher Rothko, Mark Rothko's son, he recounts how Mark would visit the first permanent Rothko exhibit at The Philips Collection in Washington, DC, and turn down the lights every time [13] . Christopher writes, In truth, finding the optimal light level is a purely empirical process. Begin with the dimmer all the way down. Increase the light slowly, watching the colors enliven. Continue increasing the amount of light until you notice a white, almost powdery haze begin to form on the surface. Then decrease by ten percent.
Rothko was particular about how his work was to be displayed. He wanted the observer to be immersed in the work; to see the painting the same way Rothko had while creating it [14] . Experiments at UAMA with Green on Blue found the light level that brings out the work's 'glow' to be about 15 lux, allowing both proper presentation and preservation. Typical museum lighting utilizes halogen lamps with ∼70 µW/lumen of UV output [11, 12] . As solid state lighting proliferates in museum settings [15] [16] [17] , the light emitting diode (LED) provides a low cost, high luminous efficacy, energy efficient, limited UV output source with correlated color temperature flexibility.
The design parameters are provided in Table 1 . The illuminance value is derived from the CIE limit and preferences of the artist. Correlated color temperature preferences for the illumination of Green on Blue were collected from UAMA staff and visitors and match the typical temperature of a halogen source [18, 19] . The CRI follows guidelines from museum lighting experts and the IESNA [11, 15] . Based on the logarithmic response of the human visual system (Fechner's Law [20] ), a < 0.25 illuminance variation as calculated by
is perceptually uniform. The size of the wall being illuminated and the pointing angle are derived from the geometry of the track lighting infrastructure and the painting as installed at UAMA (Figures 1 and 2 ). The pointing angle is calculated to point at the centerline of the painting.
Method
The Functional Freeform Fitting method follows the flowchart shown in Figure 4 .
Generate point cloud
A point cloud is generated using a Lambertian point source-based refractive freeform lens design method [3, 4, 7, 8] . The LightTools 8.5 Freeform Designer (Synopsys, Mountain View, CA) module was utilized to iterate through multiple design forms. Additionally, the module allows the addition of a Cartesian oval surface to increase the collection angle of the point source. The design forms were downselected for further evaluation based on (i) thickness greater than 10 mm but less than 20 mm, (ii) efficiency greater than 90%, (iii) point source collection angle greater than 50 • , (iv) a Cartesian oval radius greater than 8 mm (for better acceptance of an extended source), (v) the freeform surface and Cartesian oval do not intersect, and (vi) an aspect ratio suitable for manufacturing. The selected design has a 15 mm thickness and collects ±58 • of the point source.
A 2D view of the freeform point cloud and Cartesian oval is shown in Figure 2 .
Polynomial fitting
Orthonormal polynomial functions are preferred for fitting and optimization [21] . The point cloud is not rotationally symmetric, requiring a Cartesian basis. Initially, Legendre and Zernike polynomials are explored with the fitting functions built using recursive forms up to the desired order. Zernike polynomials are a polar basis [22] and need conversion. Cartesian Zernike polynomials are built using the generating function [23] 
where the j th coefficient is j = (n + 1)
Recursive Cartesian forms are developed from the polar forms 
and
The Legendre functions are built using the generating function
where [24] 
and the j th coefficient is
with the individual polynomials described as
where
The system geometry leads to plane symmetry about the y−axis for the optic, allowing the odd x terms to be removed. A custom MATLAB (MATLAB, Natick, MA) program builds the polynomial functions, removes the odd x terms, and fits the polynomial to the point cloud.
Create implicit surface definition files
The MATLAB program outputs the values of the coefficients of the function, the function string, f (x, y), and the derivatives of the function, 
Trace rays and optimize
Once the surface is properly defined, rays are traced through the surface. Symbolic simplification of the strings describing the function and derivatives is key as the ray tracing speed drastically slows as characters are added to the string. Speeds could possibly improve if the polynomial definitions were defined natively in the software package. A NURBS representation of the Cartesian oval is used to improve ray tracing speed.
Results

Fit comparison
Zernike fits with a square number of coefficients (9, 16, 25,. . . , 81, 100) and Legende fits with 21, 36, 55, and 78 coefficients are compared. Coefficient numbers are chosen based on the completion of a numerical order for both the x and y bases. An additional normalization radius in both the x-axis and y-axis is used. As shown in Figure 5 , the root mean squared (RMS) error of the functional fit to the point cloud decreases as the number of coefficients is increased.
The functional surface fits are ray traced in FRED to evaluate the resulting illuminance patterns on the painting wall. To improve ray tracing speed and isolate the changes due to the functional fit, the Cartesian oval is represented as a NURBS surface generated from a STEP file of the optic. Ray tracing of a Lambertian point source and a Lambertian extended (6×6 mm) source are compared. Figure 6 provides the efficiency [27] 
of the optic in directing rays to the back wall. Figure 7 shows the uniformity of the illuminance across the painting area, a subset of the painting wall area. Changes in point source illumination variation and efficiency are more significant as the RMS error of the functional fit decreases whereas the extended source provides little change as additional coefficients are added. The illuminance on the various surfaces in the room is mapped as in Figure 8a . The exact surface definition in the form of a STEP file (Figure 8 ) is compared to the Zernike ( Figure 9 ) and Legendre ( Figure 10) fits. All the illuminance plots are normalized to the same maximum value before calculating the logarithm of the data.
As designed, the STEP file traced with a Lambertian point source provides unity efficiency (with a limited angle source) and perfect uniformity of optical radiation to the back wall. Tracing the polynomial fits with a point source, the structure of the fitting polynomial can be readily seen in the illuminance pattern. For both the STEP file and polynomial fits traced with an extended source, the illuminance spills to the top wall, side walls and floor with an illuminance gradient between the top and bottom of the painting wall. However, the structure in the illumination pattern is reduced and overall uniformity is improved. Further optimization of the fitting function coefficients aims to decrease illuminance variation below the 25% specification and increase efficiency. 
Optimization results
An optimization routine was performed on the ninth order Legendre polynomial fit with 55 coefficients. The built-in FRED optimizer was used with all polynomial coefficients and the normalization radii set as variables with limits of ±10%. The merit function sought to maximize the irradiance on the painting wall while minimizing the variance. The top wall's, side wall's, and floor's irradiances and variances were minimized. The optic was optimized using the extended source. The result was traced with both a point source and an extended source for comparison with the nominal. Figure 11 shows the illuminance results from each run and the change from the nominal (Figures 10b and 10e ) in both traces is apparent. Figures 12  and 13 show the efficiency and uniformity change from the nominal after optimization. In this case, the optimization increased the extended source trace efficiency by 17.7% at the expense of a 53.1% increase to variation across the painting.
Conclusion
Shown is the F 4 freeform optic design method applied to illuminating Mark Rothko's Green on Blue. The process and some preliminary fitting and tracing results were shown. Future work includes further refinement of the system model with addition of bi-directional reflectance distribution function (BRDF) information for the walls and floor, refinement of the optimization routine, implementation with higher order polynomial functions, and addition of assembly tolerancing metrics. Additional fitting functions will also be explored. Once a finalized design of a optic is obtained, the optic will be manufactured and a system will be built and characterized after installation at UAMA. Finally, application of the method to various illumination geometries will be explored.
